We study the response of granular materials to external stress using experiment, simulation, and theory. We derive an entropic, Ginzburg-Landau functional that enforces mechanical stability and positivity of contact forces. In this framework, the elastic moduli depend only on the applied stress. A combination of this feature and the positivity constraint leads to stress correlations whose shape and magnitude are extremely sensitive to the applied stress. The predictions from the theory describe the stress correlations for both simulations and experiments semiquantitatively.
A striking feature of dry granular materials and other athermal systems is that they form force chain networks in response to applied stress, such that large forces are distributed inhomogeneously into linear chain-like structures [1, 2] . A number of experimental studies have visualized and quantified these networks in granular systems using carbon paper [3] and photoelastic techniques [4, 5] . These studies demonstrated that geometrical and mechanical properties of force chain networks are acutely sensitive to preparation procedures, especially near the jamming transition [6] . For example, in isotropically compressed systems, force networks are ramified with only short-ranged spatial correlations of the stress. In contrast, in sheared systems, aligned force chains give rise to longer ranged stress correlations in the compressive direction. Since granular (or other) systems near jamming are fragile and highly sensitive to preparation, one expects that their mechanical properties near jamming might not be captured by simple linear elastic response [7] .
Developing alternative theoretical descriptions for granular media is challenging for several important reasons [8, 9, 10, 11] : (1) since tensile stresses are absent in dry granular materials they only remain intact via applied stress, making the limiting zero-stress isostatic state, where the number of degrees of freedom matches the number of constraints [12, 13, 14] , problematic; (2) forces at the microscopic level are indeterminant due to friction and disorder; (3) granular materials are athermal, so that conventional energy-based statistical approaches are not appropriate; and (4) near isostaticity we expect fluctuations to be important, both within a single realization of a system and from realization to realization. New methods are needed to bridge the gap between force networks at small length scales and continuum elasto-plastic theory at large scales, and to capture the highly sensitive, fluctuating behavior of granular systems near jamming.
We construct a model for stress fluctuations based on grain-scale force and torque balance and positivity of contact forces rather than energy conservation. We then calculate stress correlations and predict differences for systems under isotropic compression versus shear stress. We also perform complementary numerical simulations and experimental studies of jammed granular systems in 2D subject to isotropic compression and pure shear. The stress correlation functions from theory, simulation, and experiment are in qualitative and in some cases quantitative agreement. In particular, the theory predicts that the form of the stress correlations depends on how the jammed states were prepared.
Theoretical Framework: Fluctuations are inherently related to the number of microscopic states available under a given set of macroscopic conditions. In equilibrium thermodynamics, the microcanonical entropy describes the nature of fluctuations and response. When we turn to granular systems, the identification of states by energy is no longer useful, and a different criterion for identifying states is needed. The approach that we pursue here exploits a different conservation principal, based on force and torque balance, which applies rigorously for granular materials [15, 16, 17] .
The force-moment tensor of mechanically stable (MS) packings,Σ = d d rσ(r), whereσ(r) denotes the local stress tensor, is an extensive variable that is a topological invariant [15, 20] . In the force-moment ensemble, Σ remains fixed barring system-spanning changes inσ. Hence local fluctuations and response only involve grain configurations with the sameΣ. To construct a theory for stress correlations, we adopt a coarse-grained approach, in which jammed configurations are represented by a continuous field [21] and the entropy S(Σ) is defined via an appropriate Ginzburg-Landau functional. The theory should be valid close to the jamming transition where grains have negligible deformations, and stress fluctuations decouple from volume fluctuations. The decoupling is exact only in the limit of infinitely rigid grains [18] .
In both two and three dimensions, a continuous field can be defined that upholds force and torque balance [19, 20] of granular packings. We will focus on 2D systems, where a scalar field Ψ, the Airy stress function [7] , is related to the local stress tensor bŷ
We define Γ = TrΣ and
where s 1 > s 2 are the eigenvalues ofΣ. Given aΣ, Ψ can be expanded as Ψ 0 + ψ, where ψ represents fluctuations around Ψ 0 . The field Ψ 0 satisfies the biharmonic equation, ∇ 4 Ψ 0 = 0 [7] , and
The probability for fluctuations ψ can be written as
. The functional LΣ[ψ] measures the contribution to the entropy from all grain packings that have a coarse-grained representation ψ(r). The partition function Z(Σ) ≡ e S(Σ) = Dψe −LΣ [ψ] generates correlators of the field ψ [21] . Because of gauge freedom, LΣ[ψ] can only depend on second derivatives of ψ. Independent second order scalars involving second derivatives of ψ can be constructed from the invariants of the local stress tensor, Tr(σ) and det(σ). The coefficients of these terms and, therefore, the nature and strength of fluctuations are controlled by the field Ψ 0 (orΣ). To lowest order in ψ, LΣ[ψ] resembles the free energy for an elastic material in two dimensions [7] :
The crucial differences between the description in Eq. 2 and traditional elasticity theory are (a) the stiffness constants are determined by Ψ 0 orΣ, and thus the theory is inherently nonlinear, and (b) the origin of LΣ[ψ] is entropic. The functional LΣ[ψ] can be used to calculate averages and correlation functions. Below, we consider the behavior of pressure correlation functions under isotropic compression and pure shear using Eq. (2).
Isotropic Compression: For isotropic compression with no deviatoric stress, the stiffness constants only depend on Γ, and L Γ [ψ] is isotropic:
with two stiffness constants K and λ. The positivity of contact forces implies that both ∂ 2 x Ψ and ∂ 2 y Ψ must be non-negative [15, 20] . This is a difficult constraint to impose exactly on the fluctuating field ψ. However, it can be enforced in a mean-field way by requiring that K(Γ) ≥ 1/Γ 2 , which guarantees that the amplitude of the long-wavelength fluctuations are such that the positivity criterion is met [20, 22] . The inequality constraint on K(Γ) implies that different preparation histories can lead to different fluctuations. The maximum entropy of jammed packings is achieved in protocols that meet the equality, and we focus here on these marginal packings. Note that the positivity constraint does not impose any conditions on λ, which is therefore taken to be independent of Γ. Near jamming when Γ → 0, K(Γ) becomes arbitrarily large and the λ terms can be ignored [23] .
The results for the correlations of the local pressure are best visualized in Fourier space. From Eq. (3), these correlations are predicted to be isotropic:
where δΓ = ∇ 2 ψ, q is the wavevector, and ξ is a correlation length that describes the decay of correlations at large q, and is defined by higher order terms not included in Eq. (3). In an experiment or simulation at fixed Γ/A, there are many MS packings, and each is characterized by a continuously varying field ψ(r). The spatial correlations of stress, for a given Γ, are determined by averaging over these configurations. If the configurations are sampled according to the theoretically predicted
, the correlations measured in simulations and experiments should be well described by the fieldtheoretic predictions. Since frictionless granular packings are isostatic near jamming [24] , an exact calculation yields K(Γ) = z iso /(2Γ 2 ) [20] , where the number of contacts z iso = 4 in 2D. In contrast, frictional packings have z iso = 3 in 2D, but are often hypostatic [25] . We do not have an exact result for K(Γ) away from isostaticity, however, a form that has been successful [20] is K(Γ) = (z iso /2+c(z −z 2 iso ))/Γ 2 , where c is a phenomenological constant. We will use this form to compare the predictions with results from frictional packings.
To test the q-space pressure fluctuations predicted in Eq. (4), we have numerically generated MS packings of bidisperse disks (N/2 large and N/2 small particles with diameter ratio r = 1.4) both with and without friction near the jamming transition using well-known packing-generation algorithms [26, 27] . For frictionless grains, these algorithms generate packings at the margin of stability [14] . We studied system sizes ranging from N = 256 to 4096, systems with square cells and periodic boundary conditions, pressures in the range Γ/A = 10 −5 to 10 −3 (in reduced units of the grain stiffness), and static friction coefficients in the range µ = [0, 1]. We have also carried out experiments using a biaxial apparatus that has been described previously [6, 28, 29] . The biax is a device that allows us to apply highly controlled deformations to quasi-2D systems of photoelastic disks. By using photoelastic disks, it is possible to obtain all contacts and contact forces in the system. In this study, contact forces are calculated for N = 1228 disks, with N/5 large and 4N/5 small disks with diameter ratio r = 1.2 and coefficient of static friction µ = 0.7. The experimental protocol generates packings farther from isostaticity than those from the simulation protocol.
Results for pressure correlations in compressed systems are shown in Fig. 1 . In general, we find that S(q) decays isotropically with q. In Fig. 1(a) , we plot the angleaveraged S(q) from simulations, normalized by K(Γ) at Γ/A = 10 −3 and 10 −4 as a function of qD, where D is the small particle diameter. For both frictional µ = 1 and frictionless µ = 0 grains, the results from the simulations match Eq. (4) at small q, with no fitting parameters. In Fig. 1(b) we plot the angle-averaged S(q)K(Γ) from experiments. Both simulations and experiments confirm the theoretically predicted scaling of S(q) as 1/K(Γ) and increasing stiffness as the system is decompressed.
Pure Shear: In the presence of an imposed pure shear, the positivity constraints on the stress lead to different conditions on the stiffness constant K in the x and y directions. A dramatic consequence is that the pressure correlations S(q) become anisotropic even for infinitesimal shear, and the correlations in real space become longranged. To lowest order in ψ the entropy functional is
Here, x (y) is the principal axis ofΣ with the smaller (larger) eigenvalue. In the case of pure shear, there are now two distinct stiffness coefficients to ensure that botĥ σ xx andσ yy are positive. In addition, K ′ controls the entropy cost of fluctuations that contribute toσ xxσyy . A more symmetric version can be constructed by demanding that K ′ = (K(Γ + τ )K(Γ − τ )), although we have no rigorous argument to support this form.
The pressure correlations predicted from Eq. (5) are: The anisotropic, dipolar nature of this correlation function is depicted in Fig. 2 (a) . To compare theory with experiment, we create a sheared packing by first isotropically compressing the system to a mechanically stable state at a density slightly above jamming. We then apply pure shear by expanding the system in one direction while compressing in the other, keeping the density constant. The resultant pressure correlations are shown in Fig 2 (b) , and they match the expected form within the noise of the data. To compare theory and simulation, we generated MS packings of bidisperse disks with and without friction over a range of stress ratios τ /Γ. To do this, we compressed (dilated) the simulation cell in the y (x) direction by ǫ = δL/L over the range ǫ = [10 −5 , 10 −3 ]. Pressure correlations from simulations in Fig. 2 (c) and (d) also show the dipolar character of the pressure correlations. A key prediction of Eq. 6 is that lim q→0 S(q) depends on the direction of approach. This feature is clearly demonstrated in Fig. 3 , which shows the simulation and experimental results for S(q) along different cuts in q−space, along with the small-q predictions from theory. There is good agreement between theory and simulation for q x = 0 and q y = 0, where theoretical predictions exist. Even though the theoretical predictions make several simplifying assumptions such as z −z iso ≪ 1 (small Γ) and τ /Γ ≪ 1, we observe qualitative agreement with experimental data. In particular the pressure correlations depend on the direction of approach to q = 0 and they are larger along q y = 0 than q x = 0.
The anisotropic nature of correlations in q-space imply anisotropic decays in real space [30] with a slower decay 
along the direction of higher compression. The entropic formulation with the positivity constraint, therefore, provides an explanation for the shear-induced anisotropy in pressure correlations observed in experiments [6] .
Discussion: We present a field theoretic approach, based on entropy of packings, for describing stress fluctuations in granular packings. The theory enforces conditions of mechanical stability and positivity of contact forces, and applies close to the jamming transition, where grains have small deformations. From the theory, we calculate pressure correlations and show that they depend sensitively on the method used to generate the jammed state. Under isotropic compression, all correlations are isotropic and obey a simple scaling relation as a function of compression. For packings subjected to pure shear, the correlations are anisotropic with a characteristic dipolar feature in q-space. The anisotropy is a consequence of the positivity constraint, which causes q-space stress fluctuations to be reduced along the compressive direction. The present approach provides a means of relating stress fluctuations to the history of granular systems, which determines the force moment tensor, and an explanation for the anisotropic behavior of stress fluctuations. The theoretical predictions for the pressure correlation functions are confirmed, semiquantitatively, by simulations of MS packings with and without friction and by experiments on photoelastic disks. This agreement is remarkable since it validates the idea that the entropy of MS packings can be used to determine the response of the this far-fromequilibrium system.
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